THE LP BOUNDARY VALUE PROBLEMS ON LIPSCHITZ DOMAINS 

"^" 
O 

O ■ Zhongwei Shen 

(N 

Oj. Abstract. Let SI be a bounded Lipschitz domain in M". We develop a new approach to the 

.^^ ' invertibility on L^ (dfl) of the layer potentials associated with elliptic equations and systems 

in SI. As a consequence, for n > 4 and , , — e < p < 2 where £ > depends on SI, 
^o , we obtain the solvability of the L^ Neumann type boundary value problems for second order 

elliptic systems. The analogous results for the biharmonic equation are also established. 

< 

^ [ 1. Introduction and Statement of Main Results 

Let O be a bounded Lipschitz domain in W^. The Dirichlet and Neumann problems for 

Laplace's equation in O with boundary data in L^^dQ) had been weU understood more 

than twenty years ago. Indeed it is known that the L^ Dirichlet problem is uniquely 

^ ! solvable for 2 — e < p < oo, while the L^ Neumann problem is uniquely solvable for 

1 < p < 2 + e, where £ > depends on n and O. Furthermore, the ranges of p's are sharp; 



O 

lO ' and the solutions may be represented by the classical layer potentials [D, JK, VI, DKl]. 

^ ■ Due to the lack of maximum principles and De Giogi -Nash Holder estimates, the attempts 

\0 ■ to extend these results to second order elliptic systems as well as to higher order elliptic 

^ ! equations had been successful only in the case n > 2 for p close to 2 [DKVl, FKV, DKV2, 

1-^ I F, Kl, G, PV3, V2, V3], and in the lower dimensional case n = 2 or 3 for the sharp ranges 

c^ ' of p's [DK2, PVl, PV2, PV4]. Recently in [S3, S4], we introduced a new approach to 

n ■ the LP Dirichlet problem via L^ estimates, reverse Holder inequalities and a real variable 

>• . argument. For second order elliptic systems as well as higher order elliptic equations, this 

K^ ! led to the solvability of the L^ Dirichlet problem for n > A and 2 < p < ^^~^ ' + e. In 

H i the case of elliptic equations of order 2£, the upper bound of p is known to be sharp for 

4 < n < 2£ + 1 and £ > 2 [PV3, PV4]. 

The main purpose of this paper is to study the solvability of the L^ Neumann type 
boundary value problems for elliptic systems and higher order equations. We develop a 
new approach that can be used to establish the L^ invertibility of the trace operators 
±(1/2)/ + /C* of the double layer potentials for a limited range of p's. This limited- 
range approach is essential to the higher order elliptic equations, as the L^ invertibility of 
±(l/2)/ + /C* fails in general for large p in higher dimensions. By duality, the invertibilty of 
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2 ZHONGWEI SHEN 

±(l/2)/+/C* on L^ implies the invertibility of the Neumann trace operators ±(l/2)/+/C on 
L^ of the single layer potentials. As a consequence, we are able to solve the L^ Neumann 
type problems for p in the dual range " j^ — si < p < 2. We remark that in the lower 
dimensional case n = 2 or 3, our approach recovers, without the use of the Hardy spaces, 
the L'P solvability of the Neumann problem for 1 < p < 2 obtained in [DK2] for elliptic 
systems. The analogous results for the biharmonic equation, however, are new even in 
the case n = 2 or 3. It is also interesting to point out that the approach we use here 
is in contrast with the method used in [DKl], where the operators ±(1/2)/ + /C for the 
Neumann problem are shown to be invertible first and the invertibility of ±(1/2)/ ± /C* 
for the Dirichlet problem is then established by duality. 

This paper may be divided into three parts: elliptic systems, the biharmonic equation, 
and Laplace's equation. In the first part we consider the system of second order elliptic 
operators (£(u))'^ = —a^^DiDjU^ in O, where Di = d/dxi and /c, £ = 1,...,to. Let 
A^ = {Ni, N2, . . . , Nn) be the unit outward normal to O and 

denote the conormal derivatives of u on dQ. We are interested in the L^ Neumann type 
boundary value problem 

£(u) =0 in O, 

(1.2) <( ^ = f G LP(dn) on ao, 

(Vu)* e LP(ao), 

where (Vu)* denotes the nontangential maximal function of Vu, and the boundary data f 
is taken in the sense of nontangential convergence. We will assume that a^^, 1 < i, j < n, 
1 < k,i < m are real constants and satisfy the symmetry condition a^j = a^-l and the 
strong ellipticity condition 



(1-3) ^^o\i?<af^iU'^<-\^\^ 
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for some ;Uo > and any ^ = {^^) G M"""^. Let || ■ ||p denote the norm in LP(dfl) with 
respect to the surface measure da on dQ. The following is one of main results of the paper. 

Theorem 1.1. Let Q be a bounded Lipschitz domain in M"", n> 4 with connected bound- 
ary. Then there exists e > depending only on n, m, fxo and O such that, given any 
f G LP{dn) with Jg^ida = and 

, X 2(?i-l) 

1.4 ^ / -e<p<2, 

n + 1 

the Neumann type problem (1.2) has a unique (up to constants) solution u. Furthermore, 
the solution u satisfies the estimate ||(Vu)*||p < C ||f ||p and may be represented by a single 
layer potential with a density in LP^dVt). 



IrnXm 
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Theorem 1.1 will be proved by the method of layer potentials. Let T(x) = (r'^^(x)), 
denote the matrix of fundamental solutions for operator C on W^. For g G L^(90), let 
iS(g) and 'Z^(g) denote the single and double layer potentials respectively with density g, 
defined by 

(1.5) (5(g))'(x) = / r^'iy - x) g\y) da{y), 

Jdil 

(1.6) ^^^^^^'^"^^^Lla^^'^^""^^} ^'^^^^^^^^' 

where Tk{x) = (r'^^(x), . . ., T'^'^{x)) is the kth row of r(a;). Let u == 5(g) and v = ^'(g), 
then £(u) = £(v) = in M^ \ 90. Moreover, 

(1-8) v+ = (-i/ + /C*)g, v_ = (l/ + /C*)g, 

on 90, where / denotes the identity operator, and ± indicate the nontangential limits 
taken from 0_|_ = O and 0_ = R"^ \ O respectively. We remark that in (1.7)-(1.8), /C is a 
singular integral operator on 90 and /C* is the adjoint of /C. By [CMM], /C and /C* are 
bounded on Lp(90), and ||(Vu)*||p + ||(v)*||p < C||g||p for any 1 < p < oo. In view of 
the trace formulas (1.7), the L^ Neumann type problem (1.2) is reduced to that of the 
invertibility of the operator (1/2)/ + /C on LP{dQ) (modulo a finite dimensional subspace). 
Similarly, because of (1.8), one may solve the L^ Dirichlet problem 

£(u) = in O, 

(1.9) <( u = f G LP{dn) on 90, 

(u)* G LP(90), 

by showing that —(1/2)/ + /C* is invertible on LP{dfl). This is the so-called method of 
layer potentials for solving boundary value problems. 

For n > 2, the invertibility of ±(l/2)/ + /C on Lp(90) was indeed estabhshed in [DKV2, 
FKV] (also see [Kl, F, K2]) for 2 — e < p < 2 + £, where £ > depends on the Lipschitz 
character of O. To do this, the main step is to show that for suitable solutions of C{u) = 
in M" \ 90, one has 

(1.10) II^T^Ib ~ ||Vtu+||2 and ||— ^||2 + ||u||2 ~ ||Vtu_||2 + ||u||2, 

ou ou 

where Vtu denotes the tangential derivatives of u on 90. As in the case of Laplace's 
equation [VI], the proof of (1.10) relies on the Rellich type identities. 

If we let u = S{g) in (1.10), since Vtu_|_ = Vtu_ a.e. on 90, we obtain 

9u_|_ 9u_ 

(1-11) ^—2 + U 2 ~ ^—2 + U 2- 
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It follows that 

(1.12) ||g||2< 11^112 + 11^112 <C||(±^/ + /C)g||2+C||5(g)||2. 

This is essentially enough to deduce the invertibility of ±^I + K, and hence ±.\l + /C* 
on L^(90), modulo some finite dimensional subspaces. By a perturbation argument of 
A. P. Calderon, the invertibility can be extended to L^(90) for p close to 2. As a conse- 
quence, the LP Dirichlet and Neumann type problems are solved for 2 — £<p<2 + £. 

For Laplace's equation on Lipschitz domains, the invertibility of the corresponding op- 
erators ±(1/2)/ + /C on LP{dQ) was established for the sharp ranges of p's in [DKl] (the 
case p = 2 is in [VI]). The method used in [DKl] relies on the classical Holder estimates for 
solutions of second order elliptic equations of divergence form with bounded measurable 
coefficients. Because of this, the extension of the results in [DKl] to elliptic systems has 
only been successful in the lower dimensional case (n = 2 or 3) [DK2]. As we mentioned 
in the beginning of this section, we recently introduced a new approach to the L^ Dirichlet 
problem for p > 2 in [S3, S4]. Roughly speaking, this approach reduces the solvability 
of the LP Dirichlet problem to a weak reverse Holder inequality on I{P, r) with exponent 
p for L^ solutions whose Dirichlet data vanish on /(P, 3r). Here I{P,r) = B{P,r) fl dfl, 
where P G dQ and < r < tq, is a surface ball on dQ. Combined with the W^'^ regu- 
larity estimate ||(Vu)*||2 < C ||Vtu||2, this allows us to establish the solvability of the L^ 
Dirichlet problem (1.9) for n > 4 and 

2(n-l) 

1.13 2<p<^ ^+£1- 

n — 6 

In this paper we will show that if v = X'(g) is a double layer potential, then 

(1-14) ||(v)1|p~||v±||p, 

for any p satisfying (1.13), where the nontangential maximal function (v)* is defined using 
nontangential approach regions from both sides of 90. Since g = v_— v_|_ by (1.8), estimate 
(1.14) implies that ±(1/2)/ ± /C* are invertible on LP{dVt). By duality, ±(1/2)/ ± /C are 
invertible on LP{dQ) for p in the dual range (1.4). 

By a refinement of the approach used in [S3, S4], we may reduce the proof of (1.14) to 
the weak reverse Holder inequality 

(1-15) <! -^ 

^ .'I{P,r) 

where v = 'E'(g), and either v_|_ = or v_ = on /(P, 3r). The proof of (1.15) relies on 
applications of localized L^ estimates (or Rellich identities) on the domains B{P, r) fl Q±. 
It also depends on the fact that 

(1.16) ^ = ^ oumi 
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for any double layer potential v. This crucial fact allows us to estimate the L^ norm of 
Vv-i- on /(P, r) by the LF' norm of Vtv=p on /(P, 2r) respectively, plus some lower order 
terms. See Lemma 2.4. We mention that the upper bound of p in (1.13) is dictated by 
the use of Sobolev inequality on /(P, r). Whether this upper bound is necessary for the 
invertibility of ±(1/2)/ + /C* on L'P{dQ) for second order elliptic systems remains open. 

In this paper we also study the traction boundary value problem for the system of 
elastostatics 

{//Au + (A + Ai)V(divu) = in O, 
A(divu)A^ + ;u(Vu+ (Vu)^)A^ = f G LP(aO), 
(Vu)* G LP(aO), 

where /U > 0, A > — 2|u/n are Lame constants, and T indicates the transpose of a matrix. 
One may put (1.17) in the general form of (1.2) with 

(1.18) a'lj = nSij6ke + XSikSje + fiSuSjk 

for i,j,k,£ = 1,2, ...,n. It is easy to verify that the coefficients satisfy the Legendre- 
Hadamard ellipticity condition 

(1.19) a-/6e,^V>^iei'l^l' forany e,r7GM". 

However they do not satisfy the strong elliptic condition (1.3). Thus Rellich type identities 
alone are not strong enough to give estimate (1.10). Nevertheless, this difficulty was 
overcome in [DKV2] by establishing a Korn type inequality on dQ. Consequently, the L^ 
traction problem (1.17) was solved in [DKV2] for |p — 2| < e. In the case n = 2 or 3, the 
problem was solved in [DK2] for the optimal range 1 < p < 2 + e. Here we will show that 
with a few modifications, the proof of Theorem 1.1 may be used to solve the L^ traction 
problem for p in the same range given in (1.4). More specifically, let \1/ denote the space of 
vector valued functions g = (^r^, . . . , g^) on R"^ satisfying Dig^+Djg^ = for 1 < i, j < n. 
It is easy to show that g G \I/ if and only if g{x) = Ax + b, where b G M" and A is a real 
skew-symmetric matrix, A^ = —A. Let 

(1.20) L^(aO) = {f GLP(aO) : / f-gc^a = for aU g G ^}. 

Theorem 1.2. Let Q be a bounded Lipschitz domain in M"", n> A with connected bound- 
ary. Then there exists £ > depending only on X, n, n and O such that for any f G L^(90) 
with p satisfying (1-4), the traction problem (1.17) has a solution u, unique up to elements 
of '^ . Furthermore, the solution u satisfies the estimate ||(Vu)*||p < C||f||p and may be 
represented by a single layer potential with a density in L'^^dQ). 

The general program we outlined above for the second order systems should apply to 
higher order elliptic equations and systems, once the L^ invertibility of the layer potentials 
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is established. In the second part of this paper, we study the biharmonic Neumann problem 

A^w = in O, 



(1.21) 



3 II 
pAu+{l-p)-^^ = fe LP{dn) on dn, 



ON 



^"+5<^-^>s|-(8^)^'' "*"»"'''""' °" ""■ 



where g^- = NiDj—NjDi, and Wq '^{dQ) denotes the space of bounded linear functionals 

A on VF^'P (90) such that A(l) = 0. The L^ Neumann problem (1.21) was recently 
formulated and studied by G. Verchota in [V3], where the solvability was established for 
p G (2 — £, 2 + e) by the method of layer potentials. The following is the second main result 
of the paper. 

Theorem 1.3. Let fl be a bounded Lipschitz domain in R"", n > 4 with connected bound- 
ary. Let (1/(1 — n)) < p < 1. Then there exists e > such that given any f G L'P{dQ) 
and A G Wq '-^{dQ) with _^~ ' — e < p < 2, there exists a biharmonic function u, unique 
up to linear functions, satisfying (1.21) and (VVw)* G LP{dQ). Moreover, there exists a 
constant C depending only on n, p, p and Q so that 

(1-22) ll(VVti)*||p < C {\\A\\w~^,ridn) + II/II4' 

and the solution u may be represented by a single layer potential. If n — 2 or 3, above 
results hold for 1 < p < 2. 

We refer the reader to Remark 7.3 for the ranges of p's for which the L^ Dirichlet 
problem for the biharmonic equation is uniquely solvable. In particular the sharp ranges 
are known in the case 2 < n < 7. 

In the last part of this paper we apply the method used above for systems and the 
biharmonic equation to the classical layer potentials for Laplace's equation. This allows 
us to recover the sharp L^ results in [DKl], without the use of the Hardy spaces. In fact 
we are able to establish the following stronger result. 

Theorem 1.4. Let Q be a bounded Lipschitz domain in M"", n > 3 with connected bound- 
ary. Then there exists d > depending only on n and O, such that 

1 ^ .^ ^o( ^^ da\ ^n /^ da\ 



I + IC: L^idn,— ] ^ LUdn 



- 



(1.23) ^ \ ^ J \ ^ J 

--/ + /C* : L2(aO, ooda) -^ L2(0, uda) 

are isomorphism for any AiJ^s weight u on dQ. 

We remark that the sharp L^ invertibility of (1/2)/ + /C and —(1/2)/ + /C* follows 
from Theorem 1.4 by an extrapolation theorem, due to Rubio de Francia [R]. Theorem 
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1.4 allows us to solve the Neumann problem for Laplace's equation with boundary data in 
L^ (90, -^). This, combined with the weighted regularity estimate in [S2], shows that 

(1-24) 11^11^2(9^,.^) ~ \\^tu\\^,^Q^^^y 

if Aw = in O and (Vw)* G L^ (90, ^) with u G ^1+5(90). 

The paper is organized as follows. Throughout Sections 2, 3 and 4, we will assume that 
the coefficients a'l^ of C satisfy the symmetry condition a^^ = a^f and the strong ellipticity 
condition (1.3). In Section 2 we prove the reverse Holder inequality (1.15). See Theorem 
2.6. This is used in Section 3 to establish the invertibility of ±(1/2)/ + /C* on L^. The 
proof of Theorem 1.1 is given in Section 4, while the proof of Theorem 1.2 can be found in 
Section 5. Sections 6 and 7 deal with the biharmonic equation. The corresponding reverse 
Holder inequality for biharmonic functions is proved in section 6. The proof of Theorem 
1.3 is given in Section 7. Finally the classical layer potentials are studied in Section 8, 
where the proof of Theorem 1.4 can be found. We point out that the usual conventions on 
repeated indices and on constants are used throughout the paper. 

2. Reverse Holder Inequalities 

Let O be a bounded Lipschitz domain in R"^. Denote 0_|_ — O and 0_ = M" \ O. For 
continuous function u in Q±, the nontangential maximal function (w.)j- on 90 is defined 
by 

(2.1) (u)i(P) = sup{|u(x)| : xGO± and x G 7(P)}, 

where 7(P) = {x G M'^ \ 90 : |x - P| < 2 dist {x, 90)}. 
Assume G 90 and 

(2.2) OnS(0,ro) = {(x',x,) gM": Xn > ij{x')} H B{0,ro), 
where t/j : W^~^ ^ R is a Lipschitz function, and V'(O) = 0. For r > 0, we let 

(2.3) Ir = {{x',tl;{x'))eW-^: |a;i| < r, . . . , |a;^_i| < r}. 



and 



(2.4) 



£>+ = {{x',Xn) : \xi\ < r, . .., \xn-i\ < r, i/jix') < Xn < i^{x') + r}, 
D~ = {{x\xn) : \xi\ < r, ..., \xn-i\ < r, i/jix') - r < Xn < i{^{x')}. 



Note that if < r < ctq, then /^ C 90 and D^ C 0±. 
We begin with a boundary Cacciopoli's inequality. 
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Lemma 2.1. Suppose that C{vi) = in Q± and (Vu)^ G Lp'{l2r) for some < 2r < ctq. 
Then 

(2.5) / \Vu\'^dx<^ \u\'^dx + C \-^\\u±\da. 

Jd^ r^ Jot Ji,^ ' diy ' 



Proof. The proof is rather standard. We first choose a nonnegative function </? G Co°(M"^) 
such that (p = 1 in D+, (p = in Q\ L>^^ and \V(p\ < C/r. Let a(^, ?]) = a'^j^^rjj for 
^ = (^i^)' ''? = iVj) ^ M"^"^. It foUows from integration by parts that 



(2.6) [ ai^,0^^dx = -2 [ a{^,7])ipdx+ [ ^-u+ip^da, 
Jn Jn Jdci (J^ 

where i = (^f) = (f^) and r] = {/^) = {u^-§^). Since a(^,0 > for any ^ G W^"", by 
Cauchy inequahty, we have 

(2.7) \a{C, v) I < a{C, O'^' a{v, ^Y'^ < \a{i, i) + a{Ti, 77). 
This, together with (2.6), gives 

(2.8) f aiC,0v>^dx<4 f ai7],r])ipdx+ f -^ ■ u+ ip^ da. 
Jn Jci JdCi o^ 

Since a(^, ^) > /Uo| Vu|^, estimate (2.5) for the case D^ foUows easily from (2.8). It is clear 
that the argument above also applies to the case D~ . 

Lemma 2.2. Suppose that C{vl) = in 0± and (Vu)^ G L'^{l2r) for some < 2r < ctq. 
Then 

(2.9) I |Vu±|2rfa<C f \^^?da+- f iVuf dx, 
J I. Jhr 9iy ^ r Jj^i 

(2.10) / |Vu±|2da<C/ \Vtu±\'^da+— \Vu\'^dx, 

where V^u denotes the tangential derivatives of u on 90. 

Proof. To show (2.9), we observe that the L^ Neumann problem is solvable, uniquely up 
to constants, on Df^ for any 1 < s < 3/2. This yields 

[ |Vu±|2rfa< / \Vu\'^da<C [ \^\^ da 

<C [ \^\'da + C [ \Vu\^da. 

Jl2r '^^ Jil±r\dDtr 
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Estimate (2.9) now follows by integrating both sides of (2.11) with respect to s over interval 
(1,3/2). Similarly, estimate (2.10) follows by applying the regularity estimate 

(2.12) / \Vu\'^da<C I \Vtu\'^da. 

for the Dirichlet problem on -D^. We remark that the regularity estimate (2.12) and 
hence (2.10) in fact hold for elliptic systems satisfying the Legendre-Hadamard ellipticity 
condition (1.19) [Kl, F, G]. This will be used in the proof of Theorem 1.2 

In order to handle the solid integrals likes those in (2.9)-(2.10), we introduce a localized 
nontangential maximal function, 

(2.13) (u)±''^(P) =sup{|u(x)| : xgO±, |x-P|<crand |x - P| < 2dist (x, 90)} 
where c > 0, depending on HV'i/'lloo and n, is sufficiently small. 

Lemma 2.3. Let u be a continuous function on D2r- Then 

(2.14) [v^Irft '"''^"} - ^{^L \i^r±rda" '" 



where 6{x) = dist{x, dVt) and 1 < q < p < nq/{n — 1). 

Proof. We only consider the case D^ . Note that if x = {x\ x^) G D^ and d{x) < cr, then 
|u(x)| < {u)'^^{y', i/j{y')) for \y' — x'\ < cd{x). Hence, if < a < n — 1, 



\u{xW{x)<C f IP o\nL da{Q) 

.^^.^ J\Q-P\<c5{x) \i"-Q\ 

— p /n n— 1 — a V^/' 

J\Q-P\<cr P — VI 

where P = {x', 'i/j{x')). It follows that if ap < 1, 

LeD+ \u{x)\Pdx 

^ S(x)<cr 

(2.16) , 

Jlr yj\Q-P\<cr P - VI 



This leads to the desired estimate (2.14) by the L*^ — L^ bounds of the fractional integrals 
on dVt [Stl], where 1 < q < p and (I/q) — (1/p) = a/(n — 1). Finally we observe that the 
condition ap < 1 is equivalent to p < qnjin — 1). 
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Lemma 2.4. Suppose that C{vl) = in M" \ 90. Assume that u_|_ — on Is2r o,nd 



(Vu)* + (Vu)l G L^{l32r) for some < 32r < cro- T/ien 



C /" C f 

Vu_p(i(7<^r / |u_p (iaH — ^ / |up(ia; 

Similarly, z/u_ = on /32r; i^e have 

|Vu+p(i(j<^r / lu+P (iaH — 5- / luPfix 



(2.18) 



i_l_ I uu ^ — ^ I |u+| "'^ "I T 

Ir J l4r '^ ^32r^^32r 

9u+ du- ,2 



U, du du ^ 



Proof. Assume u_|_ = on /32r- By using (2.9) and (2.5) as well as Cauchy inequality, we 
have 

|Vu_prfcr<C / 1^— I da + — \u_\^da 

(2.19) ^ 

H — T / u dx. 
^ Jd- 

Similarly, by (2.10) and (2.5), we obtain 

(2.20) / \^\^da<^ I \u\^dx. 

where we have used the assumption u+ = and hence Vtu+ = on /32r- Using |-^| < 

1^1 + 1^ - 1 1' i* is not hard to see that (2.17) follows from (2.19) and (2.20). The 
proof of (2.18) is exactly the same. 

Observe that estimates (2.17) and (2.18), together with the Sobolev inequality 



7^-T / \u\^" da 
(2.21) 



Kr I J J 



1/2 r 1 /• ^ ^/^ 

<Crl-^ I Wtul'^da]- + C < -— \u\'^ da 



\T \ I • t"i "- IT",, 

\-lr\ J I J (^ Pr I J I 



where pn = _o for n > 4, and ps may be any exponent in (2, 00), allows us to control 



n— 3 

■2 



the LP" average of u over Ir by its L average over 74^., provided we can handle the last 
two terms in the right sides of (2.17) and (2.18). Since we will apply (2.17)-(2.18) to 
solutions given by the double layer potentials plus possible corrections, the term involving 
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-^ — ^ is negligible in view of (1.16). In order to manage the remaining solid integrals, 
it will be convenient to work with the nontangential maximal function of u. 

If u is a function on W \ dQ, we let (u)*(P) = max{(u)!^(P), (u)!l(P)} and 

(2.22) (u)*''^(P) =sup{|u(x)| : x E -f{P) and \x-P\<cr}, 

for P G 90, where c > is sufficiently small. By a simple geometric observation, we have 



(2-23) . I -I /. ^^^ 

<l^ f liuT'rda] \^ I |(u)*|da 
for any p> 1. 



\Ir\ Jl^ J Ihrl Jl2r 



Lemma 2.5. Let p > 2. Suppose that the Lp Dirichlet problem for operator C is uniquely 
solvable for any bounded Lipschitz domain in M". Then for any ^~ ' < p < 2, 

|-^ / \{u)rda\ ' 
(2.24) U r| J/, J 

^^{jTll {\^+\ + \^-\Y da] ' + c\j^f \{u)rda] \ 

I |-'4r| 7/4, J L |-'4r| J ^^ ) 

where C{u) = m R^ \ 90 and (u)* G LP{l4r). 

Proof. Since the L^ Dirichlet problem is solvable on the Lipschitz domain -D^, we have 



(2.25) / |(u)*''^|Prfa<C / \u\Pda+ \u\p da 
for s G (3/2, 2). It follows by an integration in s over (3/2, 2) that 

(2.26) f \{uy'''\Pda<C f {\u+\ + \u-\Yda+- f \u\p dx. 



Ir Jhr ^ JD+UD: 



2T'^-^2r 



This, together with estimates (2.23) and (2.14), yields that 

{vLY\Pda 



I r ^^/p 



(2-27) "' '^' "^^^ 

<cItT-i[ {\u+\ + \u.\Yda] +c|-^/ l(u)*|^d(7^ 

for any q > (n — l)p/n. Since the L'^ Dirichlet problem for C is also uniquely solvable 
for any 2 < g < p, it is not hard to see that one may deduce estimate (2.24) for p = 2 
from (2.27) by using above argument repeatedly to decrease the exponent q in (2.27) to 2. 
From here another application of the argument reduces the exponent from 2 to any q in 

(2(n-l)/n,2). 

Finally we are ready to state and prove the desired reverse Holder inequality for elliptic 
systems. 
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Theorem 2.6. Suppose that C{u.) = in M" \ dQ and n > 4. Assume that either u_|_ = 
or u_ = on Iqat- Then, if (Vu)* G L'^{lQ4r) and (u)* G LP"{lQ4r), we have 



(ur\P-da 
I 17.1 /. ' 
(2.28) 



\-^r\ J T 



<C{,^i \{v.Y?daX'\cr[^l f-^-^-^?da""' 



where pn = ^~^ . Ifn = 3, estimate (2.28) holds for any p^ > 2. 

Proof. It is proved in [S3] that if 2 < p < ^^~^ ' + e, the LP Dirichlet problem is uniquely 
solvable for any bounded Lipschitz domain in W^. Thus estimate (2.24) holds for p = pn- 
This, combined with the Sobolev inequality (2.21), gives 



.(ur\P"da 
(2.29) ^1 '^1 -^^- 



< 



I |-'4r| Jl4^ ) L |-'4r| J74, J 



We now use (2.17)-(2.18) to estimate the term in (2.29) with the tangential derivatives. 
Note that the solid integrals in (2.17)-(2.18) are easily bounded by the maximal function 
(u)*. Estimate (2.28) then follows. 

3. Invertibility of Double Layer Potentials in L^ 

Given g G LP{dQ) for some 1 < p < oo. Let u = 'P(g) be the double layer potential 
defined in (1.6). Then u+ = (-(l/2)/ + /C*)g and u_ = ((l/2)/ + /C*)g on dQ. Moreover, 
we have (Vu)* G LP{dn) and ^ = ^ on 90, if Vtg G LP{dn). 

Since 0_ is connected, the kernel of operator (1/2)/ + /C on L^(90) is of dimension m. 
Suppose {f^, £ = 1, . . . , m} spans the kernel. Then Jq^ fg da ^ 0, and S{i() is a nonzero 
constant vector in O. Let 

(3.1) A'P(an) = {f G LP(aO) : / f-f£d(j = 0, for all£ = l,...,m} 

for p > 2. Since S : LP{dQ) -^ W^^P{dQ) is invertible for some p>2 [G], f^ G LP{dVt) for 
some p> 2. Thus the space Xp is also well defined for p> 2 — e. It was proved in [DKV2] 
that 

-/ + /C* : XP{dVL) -^ XP{dVL), 

(3.2) 2 

--/ + /C* : LP(aO) ^LP(aO) 

are isomorphisms if n > 3 and |p — 2| < e. In the case n = 3, the operators in (3.2) 
are isomorphisms for 2 ~ e < p < oo [DK2]. The goal of this section is to establish the 
invertibility of ±(1/2)/ + /C* forn > 4 and 2 < p < {2{n - l)/{n - 3)) + e. 
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Theorem 3.1. There exists e > 0, depending on n, m, fx and the Lipschitz character 
of O, such that the operators ±(1/2)/ + /C* in (3.2) are isomorphisms for n > A and 

o ^ ^ 2(n-l) , 

The proof of Theorem 3.1 is based on a real variable argument, inspired by a paper 
of Caffarelli and Peral [CP] (see also [W]). In [S3, S4], the argument was used to solve 
the L'P Dirichlet problem for elliptic systems and higher order elliptic equations. This 
real variable argument may be considered as a dual and refined version of the celebrated 
Calderon-Zygmund Lemma. We should mention that a similar argument with a different 
motivation was also used in [ACDH] (see also [A]). 

The real variable argument may be formulated as follows. 

Theorem 3.2. Let Qq he a cube in W and F e L^{2Qq). Let p > 1 and f E Li{2Qo) 
for some 1 < q < p. Suppose that for each dyadic subcube Q of Qq with \Q\ < I3\Qq\, there 
exist two integrable functions Fq and Rq on 2Q such that \F\ < \Fq\ + \Rq\ on 2Q, and 



(3.3) 



i/p 



-^/ \RQ\^dx\ <CA-^! |F|rfx+ sup -L /■ \f\dx 

|2<y| J2Q J y l"<y| JcQ Q'dQ \Q I Jq' 

(3.4) -^ / \FQ\dx<C2 sup -^ / \f\dx, 

PVl J2Q Q'Z)Q IV I JQ' 

where Ci, C2 > and < (3 < 1 < a. Then 

1 C 1 ^^^ C /" ( 1 '' ^ ^^^ 



UVol jQo J \2Qo\ J2Q0 U^vol J2Q0 

where C > is a constant depending only on p, q, Ci, C2, ol, (3 and n. 

We postpone the proof of Theorem 3.2 to the end of this section. 

Remark 3.3. Because of the local nature of Theorem 3.2, it may be extended easily 
to each coordinate patch of 90. Indeed, assume that G 90 and O fl -B(0, ro) is given 
by (2.2). Consider the map ^ : dD = {{x',ij{x')) : x' E M""^} -^ M'"-\ defined by 
^{x',i(j{x')) = x'. We say Q C dD is a surface cube of dD if ^{Q) is a cube of ]R"~^. 
Moreover, a dilation of Q may be defined by aQ = $~^(a$((5)). With these notations, 
one may state the extension of Theorem 3.2 to dD in exactly the same manner as for the 
case of M"^"^. Of course in the case of dD, the constant C in (3.5) also depends on || VV'||oo- 

Proof of Theorem 3.1. We will give the proof for the invertibility of (1/2)/ + /C* on 

XP{dQ). The case of —(1/2)/ + /C* on Lp(90) is similar and slightly easier. 

Let f E XP{dn) n W^i'2(aO) for some p > 2. Since (1/2)/ + /C* is invertible on X'^{dn) 
and on M^i'2(aO)/span{fi, . . . , f^}, there exists g E X'^{dn)nW^'^{dn) such that ((1/2)/+ 
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/C*)g = f and ||g||2 < C ||f ||2. Let u = 'E'(g) in M"- \ 90. We will show that there exists 
£ > 0, depending only on n, to, //q and O, such that if 2 < p < p^ + e, 

|(u)*|Pd(T 



(3.6) 



n — 1 
■S JB{P,s)ndQ 



<C 




■5"^ .lB{P,Cs)ndn J 1 ■5" JB{P,Cs)ndn 




for any P G 90 and s > small. Since |g| = |u+ — u_| < 2 (u)*, by covering dfl with a 
finite number of small balls, estimate (3.6) implies that 

(3.7) ||g||p<C||g||2 + C||f||p<C||f||p. 

This shows that (1/2)/ + /C* : XP{dn) -^ XP{dn) is invertible, since XP{dn) n W^'^{dn) 
is dense in XP{dQ). 

To prove (3.6), we use Theorems 3.2 and 2.6. By translation and rotation, we may 
assume that P = and i?(0,ro) fl O is given by (2.2). We consider the surface cube 
Qo = Is, defined in (2.3) for < s < ctq. Let Q be a small subcube of Qq. Choose 
V? G C^iR"") such that ip = 1 on 200(5, </? = in 90 \ 300Q and \Vip\ < C/r, where r is the 
diameter of Q. Since L'^{dn) = X'^{dn) © W^, there exist gg G ^"2(90) n W^''^{dn) and 
b G M"" such that 

(3.8) fVP=(^/ + /C*)gQ + b on 90, 

and ||fv||2 ~ IIsqI^ + |b|. Let v = V(gQ) + b in M" \ 90 and w = u — v. 
We will apply Theorem 3.2 with F = |(u)*p, / = |fp and 

(3.9) Fq = 2|(v)*|2 and Pq = 2|(w)*|2. 
Note that by the L^ estimates, 

(o.iOJ 

- \200Q\J^ooQ 

This gives condition (3.4). To verify (3.3), we observe that w_ — u_ — v_ = f (1 — </?) on 
90. Hence w_ = on 200g. Also note that (Vw)* G L^{dn) since g, gg G ^^^'2(90). 
It follows that (w)* G LP^^{dn) (see e.g. [SI], p.l094). Since w = ^'(g) - ©(gg) - b, we 
have -^^ = -^^ on 90. Thus we may apply Theorem 2.6 to obtain 

r 1 /• ^ i/P" r 1 /" "^ ^/^ 



THE LP INVERTIBILITY 15 

where Q' is any subcube of Q. It is well known that the reverse Holder inequalities like 
(3.11) have the self- improving property (see e.g. [Gi]). This implies that there exists £ > 0, 
depending only on n, ||VV'||oo and the constant C in (3.11), such that 






(3.12) )^\{^y\Pda) <C {-=- |(w)*|^rf(T 



where p = Pn + e. The right side of (3.12) may be estimated using (w)* < (u)* + (v)* 
and then (3.10). Thus condition (3.3) in Theorem 3.2 holds for p = pn+ e. Consequently, 
estimate (3.6) holds ioY 2 < p < pn + e. The proof is complete. 

We now give the proof of Theorem 3.2. The argument is essentially the same as that 
in the proof of Lemma 2.18 in [S3]. We shall need a localized Hardy-Littlewood maximal 
function 

(3.13) MQ{g){x)= sup — - / \g\dx 

Q'Bx IV I JQ' 

Q'cQ 
for X E Q, where Q' is a subcube of Q. 
Proof of Theorem 3.2. For A > 0, let 

(3.14) E{X) = {xeQo: M2Q,{F){x) > A}. 

We claim that for any 1 < g < p, it is possible to choose three constants < d < 1,7>0 
and Co > depending only on n, Ci, C2, a, (3 in (3.3)-(3.4) and p, q such that 

(3.15) \EiAX)\ < 5\E{X)\ + \{x e Qo : M2Q„(/)(a:) > 7A}| 
for all A > Ao, where A = (25) "^/'^ and 

(3.16) Ao = -^/ \F\dx. 

I^Vol J2Q0 

Multiplying both sides of (3.15) by A"^"^ and then integrating the resulting inequality in 
A G (Ao, A), we obtain 

/•A /-A /• 

(3.17) / X'i-^\E{AX)\dX<6 X'i-^\E{X)\dX + C^ Ifl'^dx, 

where we have used the fact that M2Q0 is bounded on L^. By a change of variable in the 
left side of (3.17), we may deduce that 

(3.18) A-'i{l-5A'i) f X'i-^\E{X)\dX<C\Qo\Xl + C-^ f \f\'' dx. 

Jo J2Q0 
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Note that 5^*? = 1/2 < 1. Let A ^ oo in (3.18). This gives 

(3.19) / \F\'idx<C\Qo\\l + C [ Ifl'^dx, 

Jqo J2Q0 

which is (3.5) in view of (3.16). 

To prove (3.15), we first note that |-E'(A)| < Cn\Qo\/Co for any A > Aq. This follows from 
the weak (1, 1) estimate for M2Q0. Thus we may choose Co = 2Cn/S so that \E{X) \ < d \Qo\ 
for any A > Aq. We now fix A > Aq. Since -E'(A) is open relative to Qo, we may write E{X) = 
[JkQkj where Qk are maximal dyadic subcubes of Qo contained in E{X). By choosing d 
sufficiently small, we may certainly assume that \Qk\ < (3\Qo\ and (a + 64)(5fc C 2Qq. 

We will show that it is possible to choose d > and 7 > so that 

(3.20) \E{AX)nQk\ <6\Qk\, 

whenever {x e Qt '■ M2Qg{f){x) < 7A} 7^ 0. Clearly, estimate (3.15) follows from (3.20) 
by summation. 

Let Qk be such a maximal dyadic subcube. Observe that 

(3.21) M2Q,{F){x) < max{M2Q,{F){x),C^X}, 
for any x G Qk- This is because Qk is maximal and so 

(3.22) -^ f \F\dx<C^X 

IV I JQ' 

for any Q' fl Qfc 7^ and \Q'\ > Cn\Qk\- We may assume that A> Cn- Then 

\E{AX)nQk\<\{xeQk: M2Q,{F)>AX}\ 

<\{xeQk: M2Q,{Fq,){x) > ^}\ 

(3 23) AX 

^ ^ +\{xeQk: M2Q,{RqJ{x)>—}\ 

<%/ \FQjdx+-^^ [ \RQ,\''dx, 
- AXJ2qJ ^'=' {AXyJ2Qj ^'=' 

where we have used |F| < \Fq^\ + |-Rqj.| on 2Qk as well as weak (1, 1), weak (p, p) bounds 
ofM2Q,. 

By assumption (3.4), we have 

/ \FQ^\dx<C2\2Qk\ sup -L. f \f\dx 

(3.24) J2Qk 2QQDQ'DQfc IV I J Q' 

<C2\2Qk\-iX, 
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where the last inequahty foUows from the fact {x G Qk '■ Af2Qo(/) — 7-^} t^ ^- Similarly, 
we may use (3.3) and (3.22) to obtain 



/ \RQ^\Pdx<C{-\2Qk\{-^, I \F\dx + -i\ 

J2Qk I l<^Vfc| JaQk 



<a,«Cf|Qfc|{A + 7Af. 
We now use (3.24) and (3.25) to estimate the right side of (2.23). This yields 

p^^j |s(^,)nO.|<|0.|{^ + %^ 

Finally we observe that since q < p, iX is possible to choose 5 > so small that 

a,p,aCf5t-l<(l/4). 

After 5 is chosen, we then choose 7 > so small that Cn C2 7^"'?" < 1/4. This finishes 
the proof of (3.20) and thus the theorem. 

The following weighted version of Theorem 3.2 will be used in Section 8. 

Theorem 3.4. Under the same assumption as in Theorem 3.2, we have 

If '^^^'^ c f r 1 '■ "* ^^"^ 



(3.27) <^ — 7TT / WY^ujdx) < T^n \F\dx + C< , ^ , / Ifl'^udx 

where ui is an Aq weight on 2Qq with the property that for some r] > q/p, 

for any E C Q C Qq. 

Proof. Fix 1 < q < p. Since 77 > q/p, we may choose qi G {q,p) so that rj > q/qi. Let 
A = (25)-i/'?i in the proof of Theorem 3.2. Note that if \E{AX) n Qk\ < S\Qk\, then 
u{E{AX)r]Qk) < C5'^u{Qk). This follows from (3.28). Thus 

(3.29) u{E{A\))<C5'^u{E{\)) + u{xeQo: M2q„(/)>7A}, 

for any A > Aq. We now multiply both sides of (3.29) by A"^"^ and integrate the resulting 
inequality in A from Aq to A. By a change of variable, we obtain 



(3.30) 



(A-'i-Cd^) f Xi-^u{E{X))dX<CXluj{Qo) + Cs [ \M2q, 
Jo Jqo 

<CXlu{Qo) + Cs [ Ifl'^udx 



{fToodx 
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where the second inequahty foUows from the weU known property of M2Qq on L'^{2Qo, uj dx) 
with Aq weigh u (see e.g. [St2]). FinaUy we note that since d > q/qi, we have A~'^ — Cd"^ = 
(25)9/91 - C 5^ > if 5 > is sufficiently small. Estimate (3.27) follows from (3.30) by 
letting A ^ oo. 

Remark 3.5. If condition (3.3) holds for any 1 < p < oo (constant Ci may depend on p), 
then estimate (3.27) in Theorem 3.4 holds for any u E Aq. This is because w E Aq implies 
condition (3.28) for some rj = r]{uj) > 0. 

4. The L^ Boundary Value Problems for Elliptic Systems 

In this section we give the proof of Theorem 1.1 stated in the Introduction. Let 

(4.1) Lg(an) = {f G LP(aO) : f fd(T = 0}. 

Theorem 4.1. There exists ei > 0, depending on n, m, no, and the Lipschitz character of 
O, such that operators (l/2)/+/C : Lg(aO) -^ L^(aO) and -(l/2)/+/C : LP{dn) -^ LP{dQ) 
are invertihle for ^^~^ ' — Si < p < 2. 

Proof. Let po = ^Z^ + ^7 where £ > is given in Theorem 3.1. Note that p'q < ^^~-^ ' . 
Since -(1/2)/ + /C* : LP{dn) -^ LP{dn) is invertible for 2 < p < po, by duality, we see 
that -(1/2)/ + /C : LP{dn) -^ LP{dn) is invertible for p'^ < p < 2. 

Let f G Lq(90) for some p'q < p < 2. Given any g E LP (90), since LP (dfl) = 
XP'iOn) © M"^ and (1/2)/ + /C* is invertible on Xp' (dQ) by Theorem 3.1, there exist 
h G XP' (dn) and b G M"' si: 



(4.2) 



f ■ gda 

Oil 



that g = ((l/2)/ + /C*)h + b and |gip'~ |h|j 


y + |b|. Thus 


f (-/ + /C)f -hrfa 






(i/ + /C)f||p||h|p, < 


C||(i/ + /C)f||,||g||,,. 





It follows by duality that ||f||p < C ||((l/2)/ + /C)f ||p for any f G Ll{dQ). This shows that 
(1/2)/ + /C : Lq(90) — s> Lq(90) is one-to-one and the range is closed. Note that the range 
is also dense in Lq(90). This is because the operator is known to be invertible on Lq(c)O). 
Thus we have proved that (1/2)/ + /C is invertible on Lq(90) for any p^ < p < 2. 

Proof of Theorem 1.1. The existence follows directly from the invertibility of (l/2)/+/C 

on Llidn) for ^^^ - ei < p < 2. 

In order to prove the uniqueness, we construct a matrix of the Neumann functions 

(4.3) G:{y)=T{x-y)-W^y), 

where for each x G O, W^ is a matrix solution of the L^ Neumann problem (1.2) with 
boundary data 
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In (4.4), Imxm denotes the mxm identity matrix. By the L^"*"*^ estimates for the Neumann 
problem, we have (VW^)* E LP{dQ) for some p > 2. Consequently, (W^)* G LP^{dfl) for 
some pi > ^^^^ (see [SI], p. 1094). 

Suppose now that £(u) = in O, (Vu)* G LP{dn) and |^ = on dQ. Note that if p > 
Biax{pQ,p'i), then (Vu)*(VF^)* G L^{dfl). Similarly, one may show that (u)*(VVF^)* G 
L^(90). Thus one can use the integration by parts, justified by the Lebesgue dominated 
convergence theorem, to obtain the representation formula 

u{x)= G:{y) — da{y)- ^u{y)da{y) 
I. .X Jdii diy Jon du 

(4.5) ^ 

wda. 



\d^\ Jdn 
Hence u is constant in O. The proof is finished. 

Remark 4.2. Theorem 1.1 also holds in the exterior domain 0_ = R"^ \ O if one imposes 
additional condition |u(x)| = 0{\x\^~'^) as \x\ -^ oo. In this case the mean zero condition 
on f is not needed. The proof is similar. 

Remark 4.3. Since — (l/2)/+/C* is invertible on LP{dfl) for 2 < p < ^^~^ ' +e, the unique 
solution of the L^ Dirichlet problem (1.9), which was solved in [S3], may be represented 
by the double layer potential 

(4.6) u{x)=V{{-h + IC*)-\i)){x). 

Since L'P{dVt) = X^^dQ) © M"^, in the case of 0_, the solution may be represented as 
u = ©(g) + 5(h), where g G XP{d9), h G Ker((l/2)/ + /C), and ||u||p ~ ||g||p + ||h||p. 

Remark 4.4. The Dirichlet problem with boundary data in VF^'^(90) for the elliptic 
systems satisfying the Legendre-Hadamard condition (1.19) was solved in [S3] for n > 4 
and ^7 I — e < p < 2. This, combined with Theorem 1.1, gives ||^||p ~ ||Vtu||p for any 
solution of (1.2) with p in the range (1.4). 

5. The Traction Boundary Value Problem 

Throughout this section we assume that 

(5.1) £(u) = -;uAu-(A + ;u)V(divu) in O, 

(5.2) -^ = A(divu)A^ + ;u(Vu+(Vu)^)A^ on 90. 

If we write {C{ix))^ = —a^^DiDjU^^ the conormal derivatives (5.2) correspond to the choice 
of coefficients given by (1.18). Note that a^^ do not satisfy the strong ellipticity condition 
(1.3). However one has 



,du^ du^ , , ,. ,2 u 
-^a^a^ = ^"^""" +2 



(5.3) <^^ = A |divu|^ + ^ |Vu + (Vu)^ \' ~ |Vu + (Vu) 
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Using this observation, by establishing a Korn type inequahty on the boundary, Dahlberg, 
Kenig and Verchota were able to strength the Rellich type inequalities. This allows them 
to show that 

\i + ic: Li{dn)^Li{dn), 

(5.4) 2 

--I + IC: LP{dn)^LP{dn), 

are invertible for |p — 2| < e and n > 2 [DKV2], where L^{dfl) is defined in (1.20). In the 
case n = 2 or 3, it was proved in [DK2] that the operators in (5.4) are invertible for the 
optimal range 1 < p < 2 + e. The goal of this section is to prove the following. 

Theorem 5.1. There exists e > 0, depending on n, X, fx and the Lipschitz character of 
O, such that the operators in (5.4) are invertible if n > 4 and ^" ~ ' — e < p < 2. 

Let Ker((l/2)/ + /C) denote the kernel of operator (1/2)/ + /C on L'^{dn). If u = 5(g) 
for some g G Ker((l/2)/ + /C), then -^ = on 90. It follows from (5.3) and integration 
by parts that Vu + (Vu)^ = in O. Thus iS(g)|f2 G \I/. It is not hard to show that the map 
g-^5(g)|fi fromKer((l/2)/+/C) to ^ is bijective. Suppose {gfc : k = 1, 2, . . . , ?i(n + l)/2} 
spans Ker((l/2)/ + /C). Since S : LP{dn) -^ W^'P{dn) is invertible for p close to 2 [G], 
gfc G L^o(90) for some qo > 2. Define 

(5.5) TP(aO) = {f G LP(aO) : / f ■ gfc da = for fc = 1, 2, . . . , n(n + l)/2} 

for p > Qq. 

Theorem 5.2. There exists e > such that operators 

-i + ic*: TP{dn)^TP{dn), 

(5.6) 2 

— / + /c* : LP{dn) -^ LP{dn), 

are invertible for n> A and 2 < p < ^^_^ + e. 

Theorem 5.1 follows from Theorem 5.2 by duality. The case for — (l/2)/ + /C is obvious. 
To see that (1/2)/ + /C is invertible on L^[dQ), we apply the same duality argument as in 
the proof of Theorem 4.1. To do this, we only need to show that Lp (90) = T^ (90) © \E'. 
By a dimensional consideration, it suffices to prove that T^ (90) fl \1/ = {0}. To this end, 
let g G TP'(90) n ^. Then g = S{h) on 90 for some h G Ker((l/2)/ + /C). Let u = 5(h) 
in M". Since h = -^ ^ = — ^, we obtain 

(5.7) / aff— — - — dx = - / -7-^ -uda = / h.-gda = 0, 
Jq ^ dx, dxj Jq^ du Jq^ 
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where the last equahty foUows from the fact that g is in the range of (1/2)/ + /C* on 
L^(90). One may deduce from (5.7) that u|n_ G \I/. This imphes that -^ = and thus 
h = 0. 

Since the proof of Theorem 5.2 uses the same hne of argument as in the proof of Theorem 
3.1, we wiU only point out the necessary modification needed here. 

First, because of (5.3), estimate (2.5) is replaced by 

(5.8) f \Vu+(Vuffdx<^ [ \ufdx + C f \^^\\u±\da. 

Jd^ r^ Jot Ji,^ ' d^ ' 

The proof is exactly the same. 

Next, estimate (2.9) needs to be modified, as we used 



(5-9) l|Vu|L.,g.± , < C 



d\i, 



2i'«n± 



<C I |^Prfa + Cr"-i \A\ 



for any L^ solutions. In the case of (5.1), we know that estimate (5.9) is true for one of 
such solutions, v, given by a single layer potential with density ((1/2)/ + /C)~^(^). If u 
is another solution with the same traction boundary data on 9/)^, then w = u — v = 
Ax + h e'^. It follows that 

\\/u\^da<C [ Wv]"^ da + C r""-^ \A\^ 
(5.10) 

Since w is a linear function and thus harmonic, we have 
(5.11) / \Vwfdx< / |w||Vw|dcr. 

It follows that 

C f C f 

\A\<— \w\da<— (\u\ + M) da 

< — <^ / \u\^da} +C < / \^ da 

This, together with (5.10), gives 

(5.13) f iVuf da <C f \^f da + ^ [ \u\^ da. 
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By integrating both sides of (5.13) in s G (1, 3/2), we obtain 

/ |Vu±|2rfa<C / \^fda+- [ \Vu+{Vuf\^dx 
(5.14) ^'^ ^'^^ ' ^""^^ 



C 



H — 5- / lul dx 



^2r 



This replaces estimate (2.9). The extra term in (5.14) is harmless. 

Finally in the proof of Lemma 2.4, we used estimate (2.5) to estimate the solid integral 
of |Vup on -D^. In the case of (5.1), we consider v = u — Ax, where 

(5.15) A = -^ / , (Vu - (Vu)^) dx. 
Then by Korn's inequality (see [DKV2], Lemma 1.18), we have 

(5.16) I ^ I Vv|2 dx<C [ I Vv + (Vv)^|2 dx. 
Note that integration by parts gives 

(5.17) \A\<^ f \u\da. 

It follows that 

[ \\/u\^dx<C [ |Vu+(Vu)^|2rfa: + Cr"|A|2 
(5.18) 

<C \Vu+{Vuf\^dx+- \u\^da. 

We now integrate both sides of (5.18) in s G (1, 3/2). This yields 

/ \Vu\'^dx<C f |Vu+(Vu)^|2dx + - /" |u±|2rfa 

(5.19) r r 

H — ^ / u dx. 

"-' JdI 

Estimate (5.19), combined with (5.8), allows us to bound the solid integral of |Vup in 
the same manner as in the strong elliptic case. Because of this. Lemma 2.4 and therefore 
Theorem 2.6 hold for the system of elastostatics. Consequently, Theorem 5.2 is proved 
using the same line of argument as in the proof of Theorem 3.1. We should point out that 
since a^^ satisfy the Legendre-Hadamard ellipticity condition, the L'p Dirichlet problem is 

solved for 2 < p < ^^~^ ' + e and n > 4 in [S3]. This is used in the proof of Theorem 5.2. 
We omit the details. 
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We end this section with 

The Proof of Theorem 1.2. The existence foUows from the invertibihty of (1/2)/ + /C 

on L^{dQ) for p in the range given in (1.4). As in the case of Theorem 1.1, to prove the 
uniqueness, one constructs a matrix Neumann function Gf,{y) = r{x — y) — W^{y), where 
W^ is a matrix whose ith row is an L^ solution of (1.17) with the traction boundary data 

n(n+l) 

(5.20) ^(r,(y-a:)}- ^ C^^,{A,y + h,}. 

Here {A^y + b^, k = 1,2,..., ^^^^ — -} is an orthonormal basis of \1/ with respect to the 
L^(90) norm, and 

(5.21) CI, = f j^ {T,{y - x)} ■ {Aky + b^) da{y) = -{A^x + b^Y 

Jdn diy{y) 

-2 



SO that the functions in (5.20) belong to L^{dQ). The same argument as in the proof of 

!(n-l 
n+1 



Theorem 1.1 shows that if C{u.) = in O, (Vu)* G LP{dfl) for some p > , ' — e, and 



fi = on aO, then 



u{x) = — I ——^uda 



dn du 



(5.22) 

= {AkX + hk)l {Aky + hk}-u{y)da{y). 
Jdn 

Thus u G ^P. This finishes the proof. 

6. Reverse Holder Inequalities for Biharmonic Functions 

For simplicity, we will assume that j^ < p < 1. Some modifications are needed in the 
case p = jz^. Following [V3], we let 

Zi 

Mp{u) = pAu + (1 - p)-^^ = pAu + (1 - p)N,NjD,DjU, 
/^1N T^ / N dAu 1 .^ , 9 / d'^u \ 

(6.1) K,(u)^^^-(l-,)g^^{^g^^j 

BAv 1 

= ^^ + 2(1 - P)(N^D, - N,D,){N,{N,D, - N,D,)D,u), 

where g§r- = NiDj - NjDi. Observe that NiNj-^ = 0. 

Assume G dfl and O fl i?(0,ro) is given by (2.2). Let W^''^{Ir) denote the space of 
functions / on Ir such that |Vt/| G LF'{Ir), where Ir is defined in (2.3). We will use the 
scale-invariant norm 

1 /2 

(6.2) ||/||^,..(,^) = |y^ \^j\2da+^J^ |/|2rfa| 

for VF^'^(/j,), whose dual space is denoted by W~^''^{Ir)- 
The following is a boundary Cacciopoli inequality. 
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Lemma 6.1. Suppose /S^u — in 0± and (VV'u)j_ G L'^{Isr)- Then 

(6-3) +C^ll^^ll2||M,(z.)|U.(,,^) 

H — ^ / |Vw| ax -\ — TT \u\\\/u\aa, 

where ^p is a function in C^{B{0, (3/2)r)) such that ip = 1 in B{0,r), < v? < 1 and 

\\/ip\ < C/r. 

Proof. Let v = mp^. It follows from the integration by parts and A^w = in Q.± that 



(6.4) 



= T I {(1 - p)DiDjV ■ D^DjU + pAv ■ Au} dx. 



Note that 

(6.5) DiDjij ■ DiDjU = (/?^| VVmI^ + AcpDiuDjip ■ DiDjU + uDiDjip'^ ■ DiDjU 

and Av ■ Au = (p'^\Au\'^ + AtpDiuDiip ■ Au + uAtp"^ ■ Au. The second term in the right 
side of (6.5) can be absorbed by the first term using the Cauchy inequality with an e. To 
handle the last term in the right side of (6.5), one uses the integration by parts again. This 
produces the last integral in (6.3). Finally, to finish the proof, we observe that 

(6.6) (1 - p)\VVu\^ + pIA-uI^ > Cp|VV'u|^ 
if ^ < p < 1 (see [V3]). 

Remark 6.2. If, in addition, in Lemma 6.1 we assume that u± = \'Vu±\ = on l2r, then 

(6.7) / |VVwprfx<— / \Vu\^dx. 



2r 



This is the usual boundary Cacciopoli's inequality for the biharmonic equation. 
Remark 6.3. It follows from (6.3) and the Cauchy inequality with an e that 

j ^\VVu\^dx<£r\\ipKpiu)\\l,^^,,^Q^^+er\\Mpiu)\\l,^j^^^ 

+ ^ \Vu\'^da + ^ / Wul'^dx. 



r -Ih^ ■ ■ r^ Jot 
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We remark that the intergals in (6.3) which involve \u\^ on l2r may be handled by replacing 
I -up with Iw — cp and using the Poincare inequality. 

Our next lemma relies on the following Rellich type identity discovered by G. Verchota 
([V3], pp. 232-233) for the biharmonic equation, 

\f <N,a> {{1- p)\VVu\^ + p\/\u\^]d(T 

(6.9) =/ -^{a-Vu)Mp{u)da- {a -Vu) Kp{u) da 



± (1 - p) / Eij{a, u) Lij{u) dx, 



where Lj, = DiDj + OSnA and 



IJ — -L^l-L^J I '^"IJ' 



Eij{a, u) = - div(Q;) Lij{u) — Lij{a) ■ Vu — 2Dia ■ VDjU — 29dijDka ■ VDkU. 

In (6.9), a G C(^(R'^, M"^) is a vector field and -u is a suitable biharmonic function in Vt±. 
Also 9 is related to p by p = {n9 + n^^)/(l + 29 + n9'^). With identity (6.9), Verchota was 
able to extend the method of layer potentials from second order equations and systems 
to the fourth order biharmonic equation. This identity will also play a crucial role in our 
study of the L^ biharmonic Neumann problem. 

Lemma 6.4. Under the same assumption as in Lemma 6.1, we have 



2 



(6.10) 



+ — / Vwrrf(j + — / VVwrrfx + — 

where ip G C°°(i?(0, (3/2)r)) is the same function as in Lemma 6.1. 

Proof. Let a = — e^i/?^ where e„ = (0, . . . , 0, 1). We apply the Rellich identity (6.9) on the 
Lipschitz domain D^, where s G (3/2, 2). Since < A^, — e^^ >> c > on 72^, this gives 

c / Iv^VVwp da 

(6.11) Jn±ndD^r- 

C f C f 

H / \Wu\'^dx + ^ / iVul'^dx. 

Using the Cauchy inequality with an £, it is not hard to see that the higher order terms in 

II (/jV-u II ^1,2(72^) ciiid ||V(a- Vw) 11^2(72^) iiiciy be absorbed by the left side of (6.11). Finally 
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a familiar integration in s over (3/2, 2) enables us to handle the first term in the right side 
of (6.10), as in Section 2. 

Remark 6.5. Suppose A^-u = in 0± and (VV-u)^ G L'^{Isr)- If w-i = iV-Ui] = on 



/2r, then 














(6.12) 


i 


|VVw 


2 , C' 


J< 


Vu ^ dx. 




This follows from the 


regularity estimate [V2 








(6.13) 


JdD^r 


|VVw 


^da<C 

J 


[ 


|VtVw|2 


da. 



together with estimate (6.7), by an integration in s G (3/2,2). 

RecaU that (VVw)* = max {(VVw) + , {Wu)*_} for functions u defined in R^ \ 90. 

Lemma 6.6. Suppose A'^u = in M"' \ 90 and (VVw)* G L'^{Is2r)- Assume that either 
w_i_ = iVw-i-l = or U- = |Vw_| = on /32r- T/ien 

/ \\7^u±\'^ da < — {|Vw+P + |Vw-P}c/cr+ — / |Vw|^rfx 

(6.14) +C\\^i [Kp{u+) - Kp{u-)\ ||^-i.2(j^^) 

+ C \W2 [Kp{u+) - Kp{u-)\ ||^-i,2(,^^) 

where ipi, ifi2 cire two functions in C^(i?(0, 4r)) with the properties that < (^i < 1 and 
\Vip^\ < C/r fori = 1,2. 

Proof. Assume that u+ = |Vw+| = on Is2r- By (6.10) and (6.8), we obtain 

f |VVw_|2 da<C \\ip^Kp{u.)f^.,,,^J^^^ + C \\ip2Kp{u.)\\l,.,,,^j^^^ 

(6.15) +C\\Mp{u.)\\l,n 



(hr) 

+ ^ \Vu-\'^da+^ / \Vu\'^dx 



where v?i G C^{B{0,{3/2)r)) and ip2 G C^(S(0,3r)). In view of (6.14) and (6.15), we 
need to estimate \\(piKp{u^)\\'^^i^2(j ), ^ = 1,2 and ||Mp('u_(_)|||2('7 )• Clearly, by Remark 
6.5, 

(6.16) \\Mp{u+)\\l,^,^^^<C [ \VVu+\^da<^f \Vu\^ dx. 
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Finally, since supp^j^ C i?(0, 3r), the term \\ipiKp{u-^.)\\'^. 1^2 a ) is bounded by 



^W-^'^ihr) 



d 



(6.17) 



d 

< C \\Au+\\l2(^9^^^) + C ||VVti+||i2(,^^) 

<C f \VVu+\^da + C f iVVwprfa, 

Jisr JnndDtr 

for any s G (4,5), where we have used the L^ regularity estimate in D+, for Laplace's 
equation in the second inequality. With (6.12) and (6.7) at our disposal, the desired 
estimate for \\(^iKp{u+)\\'^^i^2(i \ now follows from (6.17) by an integration in s G (4,5). 
The case U- = {Vu-l = on Is2r is exactly the same. This completes the proof. 

As in Section 2, estimate (6.14) leads to a reverse Holder inequality. 

Theorem 6.7. Under the same assumption as in Lemma 6.6, we have 



1 /" ^'^Ifn r 1 



(6.18) +Cyi[Kp{u+)-Kp{ 



U- 



|2 
|2 



+ C 11(^2 [Kp{u+) - Kp{U-)^ IIV7-i.2(74,) 

+ C\\Mp{u+)-Mp{u-)\\l2^j^^y 
where pn = ]^Zs for n > A. If n = 2 or 3, estimate (6.18) holds for any 2 < pn < 00. 

Proof. The proof is similar to that of Theorem 2.6 with Vu in the place of u. We leave 
the details to the reader. However we should remark that the proof uses the solvability of 
the LP" Dirichlet problem for the biharmonic equation on any bounded Lipschitz domains. 
But this has been established in [PVl] for n = 2 or 3, and in [S3] for n > 4. 

7. The LP Biharmonic Neumann Problem 

This section is devoted to the proof of Theorem 1.3. We begin with the definition of the 
biharmonic layer potentials introduced by Verchota in [V3]. Fix x G M"^, let B^ = B^{y) 
denote the fundamental solution for operator A^ with pole at x, given by 

n = 6 or n > 5, 



(7.1) B^{y) = { 



2{n - 2){n - 4)uJn Ix-yl""-^' 

- -. — log|a;-y|, n = 4, 

4UJ4 

- ^k-yP(l -logk-2/l). n = 2. 
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Given {F, g) E W^'P{dfl) x LP{dfl) for 1 < p < oo, the double layer potential for the 
biharmonic equation is defined by 

(7.2) w{x)=Vp{F,g){x)= [ {Kp{B-){y)F{y) + Mp{B'^){y)g{y)] da{y), 

Jon 

for X e M" \ dn. Clearly A'^w = in M'^ \ OQ. By computing Kp{B'') and Mp{B'') in 
(7.2), one may show that 

*'■'' '"<^-' = L { W ^ + "^'^ ^ <^ - "'afc^'^^ ■ (^'^ - ""'') ] "- 

where T^ — AS^ is the fundamental solution for A with pole at x. Also 

Dtw{x) =- f ( Ar" ■ 1^ + DiT- ■ g] da 
/^^N Jan I oigi J 

It follows by [CMM] that 

(7.5) \\{Vwr\\p<C{\\VtF\\p+\\g\\p}. 

To compute the nontangential limits of w and Vw, one uses 



lim / DiD.DkB'^ ■ fda 



±]-N,N,Nkf{P)+ p.v. / D,DjDkB''-fda. 

^ JdQ 



This, together with (7.3)-(7.4), gives 

where /C* is a bounded operator on W^'P{dfl) x LP{dfl). 

For (A, /) G W~^''P{dfl) X Lp(90) with 1 < p < oo, the single layer potential is defined 
by 

(7.8) vix)=SiAJ)ix)=AiB-i-))- ^ f da. 

Clearly A^t; = in M" \ 90. By writing A = |^ + /iq with /i^j, ho e LP{dVt) so that 

(7.9) A{Bn= [ \-^hj+B-ho]da, 
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one sees that 

(7.10) ll(VV^)1lp < ^{l|A||vF-i..(9n) + ll/llp} 
for 1 < p < oo by [CMM]. Also 

(7.11) (K»±,M»±) = (^1/ + /C,)(A,/) 

where operator Kp^ whose adjoint is /C* in (7.4), is bounded on W~^'P{dVt) x LP{dVt). We 
point out that the trace of Kp{v)± in (7.11) is taken in the sense of distribution, i.e., 

(7.12) Kp{v)±{(l))= hm / Kp{v)<l)da, 

for (j) G Cq{W^)j where Oj^ is a sequence of smooth domains which approximate 0± from 
inside, respectively [VI]. Because of (7.6), to prove (7.11), we only need to take care of 
the term ^Av. To do this, we note that 



Av = -I <9f-.h^J + ^];^f>da+ I r^hoda 



(7.13) 

= D, / r^JA^./i.j - N,hj^ + Njf} da+ r" ho da. 

JdCi Jdil 

This allows us to express -^Av on dVtk in terms of tangential derivatives plus a higher 
order term. 

We remark that the computation of the trace operators in [V3] used the harmonic extension 
of functions in W^'^ (dQ) to O. On general Lipschitz domains, this would require p > 2 — e. 

Let X.P{dfl) denote the subspace of W~^'P{dQ) x L^(90) whose elements (A, /) satisfy 

(7.15) A(1) = a.nd K{xj)= I f N^ da for j = l,...,n. 

JdO. 

One of the main results in [V3] is that 

-i + iCp-. w-'^'P{dn) X LP{dn) -^ w-^'P{dn) x LP{dn), 

(7.16) I 

--I + iCp : xp(ao) -^ xp(ao) 
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are isomorphism for p G (2 — e, 2 + e). Let {(A*, f*) : j = 0, 1, . . . , n} be the set of the 
afhne equihbrium distributions (see [V3], p. 261). This set spans the kernel of — (l/2)/ + /Cp 
on W~^'^{dfl) X L^(90). It follows from (7.16) and duality that for p close to 2, 

-/ + /c; : w^'P{dn) X LP{dn) -^ w^'P{dn) x LP(ao), 

(7.17) 2 

--/ + /c; : zp{dn) -^ zp{dn), 

are isomorphisms, where Zp(c?0) is a subspace of VF^'P(90) x LP{dfl) whose elements (F, g) 
satisfy 

(7.18) A-(^)+/ fj9da = for j=0,l,...,n. 

Note that 2^(90) is well defined for p > 2 - e. 

Theorem 7.1. There exists e > such that the operators in (7.17) are isomorphisms for 

2 < P < ^JTa +£ Q'^^ n > 4. If n = 2 or 3, the operators in (7.17) are isomorphisms for 
any 2 < p < oo. 

Theorem 7.1 follows from Theorem 6.7 by the same line of argument that we used 
to prove Theorem 3.1. To carry out the proof, we need to compute the Neumann trace 
of the double layer potential. Let WA2{dQ) denote the space of Whitney arrays / = 
{/o, /i, . . . , fn} C W^'P{dQ,) which satisfy the compatibility conditions ^^ = N^fj —Njfi 
for 1 <i < j <n [V2]. 



-I- J 



Lemma 7.2. Let f = {/o, /i, . . . , fn} G WAP{dn). Let w{x) = Vp{F, g) with F = fo and 
g = -N,f,. Then (VV«;)* G LP{dn) and 

(7.19) {Kp{w) + ,M,{w)+) = {Kp{w).,Mp{w).), 

on dVt. 

Proof. Using (7.4) and the compatibility conditions, we have 

Diw{x) = 

- [ (aL- ■ ^ + D,T^ -g + il- p)j^D,D,B^ ■ fA da 



^^^ fida + [ (r- . 1^ + (1 - p)DkD,B- ■^\da. 



(7.20) 

It follows that 

DjDiw{x) = 
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By [CMM], this implies \\{VVwY\\p < C J2r l|Vt/^||p < oo. Also it follows from (7.6) that 

dfi_ , ^^ dfi , ,^ ^^^ ^^ ^^ dfi 



(7.22) D^D,w+ - D,D,w. = N,-^ + N,-^ + {l- p)N^NkNe- 

oJ-ij Ola oiki 



This yields that Mp(w)_|_ = Mp{w)- on dVt by a simple computation. To find Kp{w)± 
d 

dN' 



^^Aw± + (1 - p)g§^{NiNiDjDiw)^ on dQ, we note that by (7.21) 



(7.23) Aw{x) = {l-p) [ D,r^ . 1^ da. 

Thus we may write 

It then follows from (7.24), (7.21) and (7.6) that 

Jdii ^^i' (^Tif 



JdCi L Olmj Olmt Olkm ) Olji 



AT AT ^f^ ^-f^ AT AT ^^^^ \ n ^ ^ 

^'^^7rF~ ~7vr~ ^^^^m^ r ^^"^"^^ 

= 0, 
where we have used the compatibility condition 



df, ,, dh .. Of, 



i 



oTjk oTji oTki 

for k = £ in the last step. This finishes the proof. 

Proof of Theorem 7.1. We will give the proof of the invertibility of —(1/2)/ + /C* on 
ZP{dn). The case for (1/2)/ + /C; on W^'P{dn) x LP{dn) is similar. 

Let (G, h) e ZP(aO) for some 2 < p < oo. Since -(1/2)/ + }C* is invertible on 2^(90), 
there exists {F, g) e Z2(an) so that ( - {1/2)1 + }C*){F, g) = {G,h). Let u{x) = Vp{F,g) 
be the double layer potential. We will show that if n > 4 and 2 < p < p„ + e, or if n = 2, 
3 and 2 < p < oo, 

^ JB(P,s)r\dil ) ^ JB(P,Cs)ndil 



s JB(P,Cs)ndn 
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for any P G dQ and s > small. Since (F, g) = {u+ — U-, —-^ + -^)j by covering dQ 
with a finite number of small balls, we obtain 

||VtF||p + \\g\\p < C \\{Vur% < C{\\(yurh + llVtGllp + \\h%] 
(7.26) < C {||VtF||2 + |b||2 + ||VtG||p + \\h\\p] 

<C{\\VtG\\p + \\h%]. 

This shows that — (l/2)/+/C* is invertible on 2^(90). Note that by a density argument, we 
may assume that (G, h) = (/o, —fiNi) for some {/o, /i, • • • , /n} ^ VFA|(90). This would 
imply that (F, (7) = {k.-UNi) for some {/o, /i, • • • , 7n} G Ti^A^aO) by [V3] (p.265). 
Consequently (VVw)* G L^(90) by Lemma 7.2. 

To establish estimate (7.25), we may assume that P = and -B(0, tq) fl Q is given by 
(2.2). Let Qo = /s be a surface cube defined in (2.3). For any subcube Q of Qq, we choose 
a function (/? = (/jq G Cq (M") such that 0<(/'<l, (/? = lin lOOQ, (yC = outside of 200(5, 
and |V(/?| < C'/r, iVVy'l < C /r'^ where r is the diameter of Q. Let 

Since 

(7.28) M^^'2(aO) xL^{dQ) = Z2(aO) © span{(l,0), (xj, -A^^),i = 1, . . . ,n}, 

there exists (Fq^qq) G Z^(90) and (cto? cti, ■ ■ ■ , ctn) ^ M""*"^ such that 

((G-/3)vp,-V-(G-/3)|^) 

= (-^^ + ^;)(^Q,^Q)+«o(l,0) + a,(x„-iV,), 

^^■^^^ ll(G-/3)vplki,.(an) + IIV + (G-/3)||ll2 

n 

i=o 

Let v{x) = Vp{FQ, gq) + ao + cxjXj and w = u - v - [5 = Vp{F - Fq^g - gq) - (3. Note 
that 

(7.30) {w-,-^) = {{G-P){l-^),-h{l-^) + {G-P)^). 

Thus W- = \Vw-\ = on lOOQ. Since (—(1/2)/ + /C*)(Fq,(7q) is given by an array in 
VFA|(90), we may deduce that (Fq, gq) is also given by an array in WA^i^dQ). It follows 
from Lemma 7.2 that (VVw)* G L'^idfl) and {Mp{w)+,Kp{w)+) = {Mp{w)-,Kp{w)-) 
on dfl. This allows us to apply Theorem 6.7. We obtain 






(7.31) i^:^/ |(V«;)*|P"rfa^ < C* i kJTTT^ / |(V«;)*rrfa 
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for any subcube Q' of Q. Since the reverse Holder inequality (7.31) is self-improving [Gi], 
in the case n > 4, this means that there exists £ > depending only on ||^||oo, n and the 
constant C in (7.31) so that 



1 /2 



<C'<^— — / |(Vw)*Prf(T^ +C{-^ \{VvY\''da 



where p = Pn + £■ 

Finally we note that by (7.29) 



{/ liVvyfda] <c\f {\VtFQ\ + \gQ\fda] +J2 
Udn ) [.Jdii ) -^^ 

C I I {\VtG\ + \h\fda\ 

KJ200Q ) 



«jl 



1/2 

II / . . . X V I 

< _ 

'200Q 

where we also used the Poincare inequality. With (7.33) and (7.32), estimate (7.25) follows 
by Theorem 3.2. This completes the proof of Theorem 7.1. 



Remark 7.3. The L^ Dirichlet problem for the biharmonic equation 

{A^-u = in O, 
u = Few^'P{dn), ^ = geLP{dn) on ao, 
(Vw)* e LP(ao), 

is uniquely solvable if 

n = 2, 3, 2 — £ < p < oo, 

n = 4, 2- e <p <6 + e, 

(7.35) n = 5,6,7, 2-e<p<4 + e, 

4 
n > 8, 2-e <p <2-\ ^ + £, 

n - Xr, 



where A^ = (n + 10 + 2y/2{n'^ - n + 2))/7. See [DKVl, PVl, S3, S5]. The ranges of p's 
in (7.35) are known to be sharp in the case 2 < n < 7 [PVl]. This implies that the ranges 
of p's in Theorem 7.1 are sharp for n = 2, 3, 4, 5. 

Corollary 7.4. Let 2 < p < pn + e for n > 4 and 2 < p < oo for n = 2 or 3. The unique 
solution to the Dirichlet problem (7.34) for the biharmonic equation with boundary data 
(F, g) is given by 

(7.36) u{x)=V,(^{h + IC;)-\F,g)y 

By duality and an argument similar to that in the proof of Theorem 5.1, we may deduce 
the following from Theorem 7.1. 
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Theorem 7.5. There exists £ > such that the operators ±(1/2)/ + /Cp in (7.16) are 
isomorphism for n > A and ^^~^ ' — e < p < 2. If n — 2 or 3, the operators are 
isomorphism for 1 < p < 2. 

Proof of Theorem 1.3. The existence follows from the invertibility of —{1/2)1 + JCp 
on X^(90), while the uniqueness was proved in [V3], p. 273 by constructing a Neumann 
function. 

8. The Classical Layer Potentials on Weighted Spaces 

In this section we consider the classical layer potentials for Laplace's equation Au = 
in O. In order to be consistant with our notation for elliptic systems, we shall use the 
fundamental solution for C = —A in the definitions of single and double layer potentials. 
It is well known that the operators (1/2)/ + /C : L^idfl) -^ L^idQ) and -(1/2)/ + /C : 
L'P{dQ) -^ LP{dQ) are isomorphisms for n > 2 and 1 < p < 2 + e. The case p = 2 was 
proved in [VI], using Rellich identities as we indicated in Section 1. The sharp range 
1 < p < 2 + e was obtained in [DKl]. This was done by establishing L^ estimates for 
solutions of the Neumann and regularity problems with boundary data in the atomic 
Hardy Spaces. It follows by duality that (1/2)/ + /C* and — (l/2)/ + /C* are isomorphisms 
on L^(90)/{/io} and L'P[dVt) respectively, where 2 — £i < p < oo and Hq is a function 
which spans the kernel of (1/2)/ + /C on L'^{dVt). 

With the method in previous sections, it is possible to recover the sharp L^ invertibility 
in [DKl] without the use of the Hardy spaces. To do this, we will prove directly that 
(1/2)/ + /C* : LP{dQ)/{ho} -^ LP{dn)/{ho} and -(1/2)/ + /C* : LP{dn) -^ LP{dn) are 
invertible for 2 — £i < p < oo. In fact we shall prove a stronger result. Let X'^{dQ,ujda) 
denote the space of functions / in L^(90, coda) such that Jq^ fho da = 0. 

Theorem 8.1. Let Q be a bounded Lipschitz domain in M"', n > 3 with connected bound- 
ary. Then there exists d G (0, 1] depending only on n and the Lipschitz character ofVt such 
that the operators 

(1/2)/ + /C* : X^{dVt, uda) -^ X^{dVt, uda), 
-(1/2)/ + /C*: L^{dn,ujda) ^ L^{dn,ujda), 

are isomorphisms for any Ai^s weight u on dQ. 

We refer the reader to [St2] for the theory of Ap weights. In particular the bound- 
edness of operator /C* on L'^{dQ,ujda) with uj G A2{dQ) follows from [CMM] and the 
standard weighted inequalities for Calderon-Zygmund operators. Also, by Holder inequal- 
ity, L'^{dn,uda) C LP(aO) i^u e Ai+sid^) and p = 2/(1 + 5). Since Hq G Li{dn) for 
some q > 2, this implies that the space X'^{dQ, coda) is well defined if a; G AiJ^s and d > 
is sufficiently small. 

Note that by an extrapolation theorem of Rubio de Francia (see e.g. [Du]), Theorem 8.1 
yields the Lp inveribility of ±(1/2)/ + /C* for the sharp range 2 — e<p< oo. Furthermore, 
by duality, we obtain the following. 
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Theorem 8.2. Let Q be a bounded Lipschitz domain in M"", n > 3 with connected bound- 
ary. Then there exists d G (0, 1] depending only on n and the Lipschitz character of O 
such that the operators (1/2)/ + /C and — {1/2)1 + IC are isomorphisms on Lq (90, ■^) and 
L^ (90, ^) respectively, for any AiJ^s weight u on dfl. 

Here Lq (90, ■^) denotes the space of functions / in L^ (90, ^) such that Jq^ f da = 0. 
To prove Theorem 8.2, one uses the fact that L^(90, uda) = ^"^(90, u;(icr)©]R and preceeds 
as in the proof of Theorem 4.1. 

As in the L^ case, the invertibility of (l/2)/+/C on L^ (90, -^) gives us the existence for 
the Neumann problem with boundary data in the weighted L^ space. Since L^ (90, -^) C 
LP{dfl) for some p > 1. The uniqueness foUows from the uniqueness for the L^ Neumann 
problem [DKl]. 

Corollary 8.3. Let Vt be a bounded Lipschitz domain in M", n > 3 with connected bound- 
ary. Then there exists d G (0, 1] depending only on n and the Lipschitz character ofVt such 
that given any g E Lq (90, ^) with uj G Ai+5(90), there exists a harmonic function u 
on O, unique up to constants, such that ^ = g and (Vw)* G L^ (90, ^) . Moreover, the 
solution u satisfies 

(8-2) ||(V'u)*||^2(9n,^) <C\\g\\^2(^Q^^d^y 

and is given by the single layer potential with density ((1/2)/ + lC)~^{g). 

Remark 8.4. The condition uj G AiJ^s in Theorems 8.1 and 8.2 (and in Corollary 8.3) 
is sharp in the context of Ap weights. This is because they imply the sharp ranges of p's 
for the L'P invertibility. However in the case n > 4, there are weights uj which are not 
in the sharp Ap class and for which ±(1/2)/ + /C are invertible on L^ (90, ■^). Indeed, 
consider the power weight cu^ = \Q — Qo\"', where Qo ^ f^O and a > 1 — n. It is shown 
in [S2] that (1/2)/ + /C and -(1/2)/ + /C are invertible on L^ (^90, ^\ and L^ (^90, ^\ 

respectively, ifl — ?i<Q;<n — 3 + e. However we observe that Ua G AiJ^s if and only if 
1 — n<a<{n — 1)6. 

It remains to prove Theorem 8.1. To do this, we need to establish a reverse Holder 
inequality similiar to (2.28), but with pn replaced by any exponent p > 2. Since | V-uj on 
the boundary is only L'^ integrable for some q > 2, the Sobolev inequality is not useful 
in higher dimensions. Instead we use the following Morrey space estimate (see e.g. [Gi], 
Ch.3), 

sup \u\ < 

i{Po,R) 



1/2 

/ lulda + CxR^"^^ sup \r~^ \\/^v\^r^^K 

-R"" Jl(Po,2R) 0<r<R Jl(P,r) 

Pei{Po,R) ^ 
where A > n — 3 and /(P, r) = B{P, r) fl 90 for P G 90 and < r < tq. 
Assume G 90 and O fl /?(0, tq) is given by (2.2). 
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Lemma 8.5. Suppose Aw = in Oj-. Assume that (Vw)^. G L'^{l4fi) and u± = on I4^r 
for some < AR < ctq. Then there exists A > n — 3 depending only on n and O such that 

(8.4) sup r"^ / \Vu±f da < —^-yr / \u\'^ dx. 



0<r<R Jl^ R^+^ Jd^^ 



Proof. Since u± = in l4fi, we may use (2.10) and (2.5) to obtain 
(8.5) / \Vui\'da<^ [ 

Jlr- ^ JD 



IttP dx. 



'Dt 



By the boundary Holder estimates, we have 

(8.6) \u{x)\' < C (^^y ^ f \ufdx, 

for any x E D^^, where 5 > depends only on n and Vi. Estimate (8.4) with A = n — 3 + 5 
now follows easily from (8.5) and (8.6). 

Lemma 8.6. Suppose that Aw = in Vt± and (Vw)j_ G L'^^I^r) for some < AR < cr^. 
Then there exists A > n — 3 depending only on n and O such that 

sup r~ / \\/u±\'^ da 
. „^ 0<r<R Ji^ 

^ r. -A /■ ,5«±,2 , C* /• , ,2 , C f , ,|9W±|, 

<C sup r / \^r--\ da + —T-yr / -u ax + ^,, ^ / w± hrrr o!^- 



AR 



Proof. We use the following estimate established in [S2] (Lemma 4.18, p. 2855), 

r r I Q" 1^ 

(8.8) yjv„|^..<C.-/^^^^(J|^..(P). 

where n — 3<Ao<n — 3 + £. It follows that if n — 3 < A < Aq, 

(8.9) sup r"^ / \Vu\^da<C sup r"^ / |^|^(^^+^t/ |VwprfcT, 

0<r<i? J/^ 0<r<2i? J/^ t^A* i? Jil±ndDf^ 

for 1 < s < 2. Estimate (8.7) now follows by an integation in s over (1, 2) and using (2.5). 
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Lemma 8.7. Suppose that Au = inW^\dQ and (Vu)'^ + {Vu)*_ e L'^{Iiqr) for some 
< 16R < ctq. Assume that either u+ = or U- = on Iwr. Then there exists A > n — 3 
and po < 2 depending only on n and O such that 

-A f ivT,. i2 j_ / ^ „..„ ..-A f \du+ aw_|2 



sup r-^ \\/u±\Ua<C sup r"^ / hrrf - ittf da 

0<r<R Jl^ 0<r<2R J I^ Cfl\ Ol\ 

C f /, I I iM duA. du- 1 , 

+ ^x I o / l^l ax 

^16R^ 16R 



^A+3 

2/po 



+ ^^^"'"M^^/. {\n+\ + \u-\YUa 



h 



R 



Proof. We only consider the case w+ = on Iiqr. The case for U- is exactly the same. 

The estimate for r~^ fj \Vu+\'^da is contained in (8.4). To estimate r~^ fj \Vu-\'^da, 
in view of (8.7) and (8.4), we only need to take care of the term 

(8.11) _y^^j„_il_l,.. 

To this end, first we replace |-^^| in (8.11) by |-^]^|, since the difference is bounded by 
the second term in the right side of (8.10). Next we use the Holder inequality. This reduces 
the problem to the estimation of 

U2) i?-A-i/ 1 /■ l^lP'oda^^'" 



Finally we use the L^o estimate for the regularity problem on -D^ for s E (4, 5) and then 
a familiar integation in s to bound the term in (8.12) by 

{"v 2/Po 

C f , ,2 , 

< „, . ^ / \u\ ax, 



R^+^ Id+ 



where we have used a higher integrability estimate in the first inequality (see e.g. [Gi]). 
We remark that L^o regularity estimate holds if po is close to 2 [DKl] . This completes the 
proof of (8.10). 

We now are ready to prove the desired reverse Holder inequality. 
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Theorem 8.8. Suppose that Au = in R"" \ dfl and (Vw)+ + {Vu)*_ E L^{I3oor) for 
some < 300R < ctq. Also assume that -^ = -^ on Isqqr and that either u^ — or 
U- = on I300R. Then for any 2 < q < 00, 



1 f ,. ..,. , '' ^ 1 



1/17 r 1 /• "> ^/P' 



U4) ^ -^^ 1^^ \{u)Tdcrj < C, 1^;^/^^^^^ li^rrda 



"0 



where po < 2 depends only on n and O. 
Proof. It follows from (8.3) and (8.10) that 



l/PO 



{N 1/2 

where we also used (2.14) for the second inequality. Since the L^ Dirichlet problem for 
Laplace's equation is solvable for any p > 2 (this follows from the L^ solvability and the 
maximum principle), estimate (8.14) follows from (8.15) and (2.24). 

Proof of Theorem 8.1. We only give the proof for the invertibilty of (1/2)/ + /C* on 

X'^{dn,ujda). The case of -(1/2)/ + /C* is similar. 

Let / e X^{dn,ujda) n W^^^{dn). Since (1/2)/ + /C* is invertible on W^^^{dn)/{ho} 
and L2(aO)/{/io} [VI], there exists g G W^'^{dn) such that {{1/2)1 + }C*)g = f and 
Iblb < C II/II2- We need to show that 



(8.16) / \g\^ujda<C / \frujda. 

Jdn Jan 

To this end, we fix Pq e dfl and s > sufficiently small. Let u = 'D{g). We will show that 
there exists po <2 such that 



1/2 r „ ^ Vp 







/ \{ur\''uda\ <C{u;{I{P,,Cs))Y''\^ f \{urrda 

+ C{ Ifl^ivda 

[Jl{Po,Cs) 

for all uj G A2/p^{dQ). Note that \\g\\pg < C'||/||po ^^ Po is close to 2. Thus the first term 
in the right side of (8.17) is bounded by 

(8.18) Cs {u{dn)y^'\\g\\p„ < Cs {u;(c»0)}'/'||/||p„ < C, \\f\\LHdn,c.d.). 
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Since \g\ < 2(w)*, estimate (8.16) follows from (8.17) and (8.18) by covering dVt with a 
finite number of small surface balls. 

We will use Theorem 3.4 to prove (8.17). We may assume that Pq = and -6(0, tq) fl O 
is given by (2.2). Let Q be a small subcube of Is- We proceed as in the proof of Theorem 
3.1 to choose function ip = ipq ^ Co(]R") and then gq so that /</? = ((1/2)/ + IC*){gQ) + b 
and ll/v^llpo ~ \\9q\\po + 1^1- Let 



^.19) F=\{uyr, i?Q = 2^"-i|(«;)*|^", and Fq = 2P"-^\ 



.V 



i*|PO 



where po < 2 is given in Theorem 8.8, v = V^go) + h and w = u — v. Since W- = /(I — (f) 
and -^^ = -^^, by Theorem 8.8, we have 

for any p > {2/po). Also note that 

(8.21) IIFqIU = WivrWZ <C{\\gQ\\,, + \b\Y' < C\\MZ- 

This shows that conditions (3.3) and (3.4) in Theorem 3.2 hold for any 1 < p < oo. It 
then follows from Theorem 3.4 and Remark 3.5 with q = (2/po) that estimate (8.17) holds 
for any w G A2/po(90). This completes the proof. 

Remark 8.5. If a; G Ai^s{dO,), the Dirichlet problem for Laplace's equation with bound- 
ary data in L^{dQ, uda) is uniquely solvable. This follows easily from [D]. In [S2], we solved 
the regularity problem with data in W^'"^ (90, ^) for u G Ai+5(90), and established the 
sharp estimate 

(8.22) ll(Vti)*l|^,(an^^) < Cl|Vtwl|^,(an,^)- 

This, together with (8.2), gives the Rellich estimate (1.24) in the weighted L^ space. 
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